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Exercise 1.
Let k be a field and A a finitely generated Artinian k-algebra. Show that dimk A is
finite.

Exercise 2.
Let A be a Noetherian ring. Show that A is Artinian if and only if SpecA is a discrete
topological space.

Exercise 3.
Let A be a local domain that is not a field and assume that the maximal ideal m is
principal and that

⋂
k≥1m

k = (0). Show that A is a discrete valuation ring. Show that
every Noetherian valuation ring that is not a field is a discrete valuation ring.

Exercise 4.
Let k be a field. Show that A = k[X,Y ]/(XY − 1) is a Dedekind domain.

Exercise 5 (Gauß lemma for Dedekind domains).
Let A be a Dedekind domain and f = anT

n + · · ·+ a0 ∈ A[T ]. Define the content of f
as the ideal c(f) = (a0, . . . , an) of A. Show that c(fg) = c(f)c(g).


